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A central problem in modeling, namely that of learning an algebraic model from data obtained from simulations or
experiments is addressed. A methodology that uses a small number of simulations or experiments to learn models that
are as accurate and as simple as possible is proposed. The approach begins by building a low-complexity surrogate
model. The model is built using a best subset technique that leverages an integer programming formulation to allow for
the efficient consideration of a large number of possible functional components in the model. The model is then
improved systematically through the use of derivative-free optimization solvers to adaptively sample new simulation or
experimental points. Automated learning of algebraic models for optimization (ALAMO), the computational implementa-
tion of the proposed methodology, along with examples and extensive computational comparisons between ALAMO and
a variety of machine learning techniques, including Latin hypercube sampling, simple least-squares regression, and the

lasso is described. © 2014 American Institute of Chemical Engineers AICKE J, 60: 2211-2227, 2014
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Introduction

Chemical process simulation and computational fluid
dynamic methods have been used industrially and academi-
cally to design and test systems and processes.'™ These
numerical models offer high levels of accuracy and precision
in their predictive capabilities at the cost of requiring speci-
alized simulation software. The structure of these simulations
lends well to prediction but can impose challenges when
used in an optimization or design setting.>~’ This article con-
siders the optimization of processes via black-box function
evaluators, including simulations and experiments. The gen-
eral optimization problem we address is

min  f(x)
sit. g(x) <0
xeEACR"

where we desire to minimize a cost function, f(x), with
respect to the degrees of freedom x. These degrees of free-
dom can range from continuous decisions concerning operat-
ing conditions and equipment geometry to discrete decisions
about process alternatives and flow sheet configuration.
Furthermore, they are required to satisfy a set of constraints
g(x) <0 as well as box constraints A, which include lower
and upper bounds. We assume that one or more of the func-
tions f and g are not available directly in algebraic form, but,
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for any given value of x, the corresponding f(x) and g(x) can
be computed via an input—output black box.

The above optimization problem gives rise to three pri-
mary challenges. First, the standard approach to optimiza-
tion, utilizing derivative-based or algebraic solvers (e.g.,
CONOPT,? TPOPT,” and SNOPTIO), requires the use of
derivative information. However, the objective and/or con-
straint set must be treated as black boxes as algebraic models
and derivatives are not directly available for many simula-
tion packages. Such simulators often incorporate proprietary
software, numerical integrators, lookup tables, and other
algorithmic constructs whose algebraic forms are unavailable
for optimization. More advanced global optimization meth-
ods, such as BARON,!! require an algebraic functional form
to locate and certify a globally optimal solution. In either
case, algebraic forms for each function f and g are required
to first locate and then classify feasible and optimal decision
variables. Some standard solvers are capable of optimizing
in the absence of an algebraic model if derivatives can be
evaluated or approximated. In fact, IPOPT has been used to
optimize ASPEN-based simulations directly.12 However, as
simulations become more complex, the reliability of the sim-
ulator often degrades. Thus, direct optimization is impossible
without specialized algorithms designed to recover from sim-
ulator convergence failures. Even perfectly robust simula-
tions exhibit a third challenge: costly and/or noisy function
evaluations. Due to the high sampling requirements of deriv-
ative estimation, costly function evaluations hinder the use
of such solvers. Noisy function evaluations that arise natu-
rally in numerical simulations and experiments limit the
accuracy and efficacy of derivative estimations."?
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Derivative-free optimization (DFO) offers a class of algo-
rithms designed to solve optimization problems when deriva-
tives are unavailable, unreliable, or prohibitively expensive
to evaluate."*'> These solvers attempt to locate an optimal
feasible point using a minimal number of black-box function
calls. Although DFO methods can be used to address black-
box models with costly and noisy function evaluations, these
methods are often unable to find optimal solutions when the
number of degrees of freedom exceeds about 10, even in the
absence of constraints and integer variables, as shown in a
recent computational study.15

To overcome the challenges of simulation-based optimiza-
tion, significant work has been done to generate surrogate
models [known in some fields as metamodels or reduced-
order models (ROMs)] of the black-box functions f(x) and/or
g(x).l(”17 Most commonly, these methods are applied to
purely continuous problems. After generation, the abstracted
models can be optimized using traditional algebraic or
derivative-based solvers. Previous work incorporates existing
techniques from machine learning and statistics; the resulting
surrogate-based methods are categorized by modeling
method. Reduced-order modeling, the production of a low-
dimensional system (i.e., ROM) that has similar response
characteristics to the high-fidelity simulation or system,'® is
the most commonly used surrogate modeling technique. The
goal of reduced-order modeling is to create an approximation
of a black box that necessitates far less CPU time for each
function evaluation. In the context of derivative-based opti-
mization, these ROMs are required to have a compact and
algebraic form that can be exploited by standard solver
packages.

Most often, a single model of the objective function is
approximated before optimization; in a few cases, the con-
straint set is modeled as well. Additionally, some existing
techniques disaggregate a black-box simulation into distinct
blocks and model each block separately before optimization,
ensuring that all relevant connectivity variables are modeled.
By disaggregating the process, smaller, more robust, simula-
tion units are explored. These disaggregated process units
can be combined with disjunctive constraint sets and blocks
linked via connectivity variables to formulate complex
mixed-integer optimization models. Significant work has
been done using kriging models to either model the full sys-
tem'®?! or the disaggregated process.'® Palmer and Realff'®
have considered the indirect optimization of steady-state sim-
ulators using kriging surrogate models. In the same vein,
David and Ierapetritou21 use full-process kriging models to
locate global surrogate model solutions and refine them
using local response surfaces around the optima. To address
uncertainty concerns in black-box systems, Huang et al.*
have used kriging models on full processes. Caballero and
Grossmann'? have investigated disaggregated (modular) flow
sheet optimization using kriging models to represent process
units with low-level noise. Recent work by Henao and Mara-
velias®®> has shown success in modeling individual chemical
process units using artificial neural networks.

Previous work has focused primarily on developing mod-
els that are highly accurate. As a result, unless physical sim-
plifications are available, ROMs often have a bumpy and
complex functional form, which is disadvantageous in alge-
braic optimization where smaller, compact algebraic forms
are desirable. Our work aims to develop accurate surrogates
that are tailored to reduce the difficulty and improve the
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tractability of the final optimization model. Because the final
purpose of our surrogate models is algebraic optimization,
we strive to identify surrogates composed of functional
forms that can be easily incorporated into larger mathemati-
cal programs without the difficulties imposed by the inherent
complexity of standard ROMs.

To address the black-box nature of these simulations as
well as the cost and limited robustness of each function eval-
uation, we have developed a novel surrogate modeling
method. To promote simulation robustness, either a single
unit or a small set of units is considered. If the existing sim-
ulation is complex, such as a complete flow sheet, disaggre-
gation into smaller sections is advantageous. Subsequently,
using an adaptive sampling procedure, low-complexity alge-
braic models are built, tested, exploited, and improved using
a combination of derivative-based and DFO solvers, machine
learning, and statistical techniques. Surrogate models gener-
ated using these techniques can be used in an algebraic opti-
mization framework with flexible objective functions and
additional constraints.

We developed automated learning of algebraic models for
optimization (ALAMO), a software package designed to
automate the proposed methodology. ALAMO interfaces
with a user-defined simulator and problem space to itera-
tively model and interrogate the simulation. Consequently,
our flexible implementation is able to identify accurate, low-
complexity algebraic models that approximate a variety of
high-fidelity systems. Similar existing modeling packages,
such as SUorrogate MOdeling lab toolbox,** fail to generate
surrogate models with sufficiently low complexity. Eureqa®*
can be used to search for low-complexity models; however,
it operates on a fixed dataset and can often lead to compara-
tively complex functional forms. The proposed methodology
allows ALAMO to generate compact models that improve
and validate the surrogate models by adaptively sampling the
simulation.

Previous works in the process systems engineering litera-
ture have approached simulation-based optimization by rely-
ing on existing modeling schemes, mostly kriging and neural
network modeling, to build surrogate process models that
can be optimized with derivative-based optimization techni-
ques. In the current article, we depart from the use of exist-
ing modeling methodologies. The primary contribution of
this work is to introduce a novel model-building methodol-
ogy that identifies highly accurate surrogate models tailored
for optimization tractability.

The remainder of this article is organized as follows. In the
next section, we discuss the proposed model-building strategy
in detail. To better explain the modeling steps involved, we
include an illustrative example. Subsequently, we present
computational results to evaluate the accuracy and efficiency
of the proposed approach and compare our strategy with com-
mon surrogate modeling techniques in the machine learning
literature. Finally, the proposed methodology is demonstrated
on an industrial case study that quantifies the environmental
and economic trade-offs of postcombustion carbon capture
systems.

Proposed Methodology

To address challenges commonly associated with black-
box simulation robustness, the process may be disaggregated
into smaller process groups that contain one or more process
units. This step enables access to more sophisticated

June 2014 Vol. 60, No. 6 AIChE Journal



optimization models, including superstructure optimization
and more complex problem topologies, that arise from this
modular structure. Last, models generated from less complex
systems or smaller process blocks are generally more accu-
rate than those generated for larger process systems. The
connectivity and process alternatives decisions can be deter-
mined using the surrogate models in a derivative-based opti-
mization structure.

After process disaggregation, we identify a set of surro-
gate models approximating relevant responses for each
block. The responses z;, k € I, (outlet material and energy
stream properties, efficiencies, design requirements and so
forth) are modeled as a function Z;(x) of input variables x,,
d € D, which become optimization decision variables (inlet
material and energy stream properties, operating conditions,
unit geometry and so forth). We assume that the problem
domain is bounded for each input variable. The surrogate
models for each block can be combined with an algebraic
objective, design constraints, and material and energy balan-
ces to formulate an algebraic optimization problem.

Surrogate models are constructed using an iterative
method as depicted in Figure 1. First, an initial design of
experiments (DOEs) is generated over the problem space
and the simulation is queried at these points. In the scope of
this work, the specific DOEs used does not play a strong
role in the final solution. This is because the initial sample
set is small and adaptively improved as the procedure pro-
gresses, leaving a dataset that bears little resemblance to the
initial DOEs. In the included example cases and experimen-
tal studies, we use either Latin hypercube sampling® or a
two-level factorial design®® for this step.

Next, we build a simple, algebraic model using this initial
training dataset. The empirical model error, that is, the devi-
ation of the model from the data, can be calculated using
standard statistical techniques. However, the true error, that
is, the deviation of the model from the true system, is
unknown. Moreover, we have no quantification of model
accuracy and have not demonstrated a sufficient sampling of
the problem space. The current surrogate model is tested
subsequently against the simulation using an adaptive sam-
pling technique that we call error maximization sampling
(EMS). If the sampling technique discovers model inconsis-
tency larger than a specified tolerance, the newly sampled
data points are added to the training set. The surrogate mod-
els are iteratively rebuilt and improved until the adaptive
sampling routine fails to find model inconsistencies.

This section outlines the algorithms and strategies used to
generate accurate, low-complexity surrogate models and
refine them iteratively through adaptive sampling techniques.

Surrogate model generation

For the modeling problem, we have a set of N training
points; each training point i=1,...,N has a set of input data
Xig» d €D, and a set of responses zj, k=1,...,m. We
assume that the underlying functional form of the response
surfaces is unknown. We would like to generate a model for
each response with sufficient complexity to model the simu-
lation accurately while maintaining adequate simplicity to
ensure that the resulting optimization model is tractable in
an algebraic optimization framework. For example, surrogate
modeling techniques such as kriging27’28 and artificial neural
networks (ANNs)* satisfy accuracy requirements but result
in rough, complex functions that are difficult to solve using
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Sampling:
Generate an initial data
set [z;q, z;%] from previ-
ous data or by running
a design of experiments

[

Initialize variables:
i = 1:Maxlter, yo(7') for
T=1,...,Tmx N = N™

[

Build model:
Build a model 2k (x)
for zk(z) ,
k=1,...,m based on
the current N
training set points,
[@id, 2ik]

[

Adaptive sampling:
Perform error
maximization

sampling to get
[xira, zirg| ™S for
i/ =N+1,...,Noms

Update training set:
[zid, zik] for i =
1,...,N + N°™s,

N = N+4Nems =441

Nems = Ngms (N, n)

2k — 2k
range(zx)

< toll

ax
k 2

Figure 1. Algorithmic flowchart.

provable derivative-based optimization software. On the
other end of the spectrum, linear regression models may not
represent the highly nonlinear nature of chemical processes
despite their advantageous functional simplicity.

We strive to strike a balance between model accuracy and
optimization tractability, but knowledge of this key trade-off is
limited because the functional form of the true system is
unknown. To address this uncertainty, we identify combinations
of simple basis functions that define a low-complexity, accurate
functional form for each response. The simple basis functions
Xj(x), Jj € B, are selected from first principles relationships,
physical or engineering insights, or statistical fitting functions.
Additionally, a sufficiently small subset of the functional forms
available to kriging or ANNs could be utilized as potential
basis functions used to generate a lower-complexity surrogate.
In most cases, we allow for constant terms and the basis func-
tional forms shown in Table 1 with user specified values for
o and ). Generally, we choose values for o and 7 that result in
either physically reasonable basis functions or common statisti-
cal fitting functions (e.g., a={*0.5,*1,*+2 *+3 *=4} and
y={0.1,1,10}). By choosing diverse and varied terms, we
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Table 1. List of Potential Simple Basis Function Forms

Category X;(x)

I Polynomial (xa)*
I Multinomial H (x4)™
deD'CD

exp ()" tog (%)’

From experience, simple inspection,
physical phenomena and so forth

111 Exponential and
logarithmic forms
v Expected bases

expect to provide a sufficient set of potential basis functions,
even if these specific functional forms do not match the under-
lying functional form exactly. For example, if we model z(x)=
203241 over x € [0, 1] we can generate a quadratic surrogate
model, £(x)=1.3x>—0.35x+2, that has an average error of
1%. By doing this, we are able to model a wide variety of
unknown functional forms using a small, but flexible, set of
basis functions.

The resulting surrogate model is a linear combination of
nonlinear basis functions as follows

i=)_ BXi) (M

jeB

where the jth basis function is multiplied by a corresponding
coefficient f3;.
The ordinary least-squares regression (OLR) problem

N 2
m/i}n Z (Z,‘_Z ﬁjX,;;) (2)
i=1

jeB

could be used to solve for the regression coefficients (model
parameters), f, by minimizing the sum of the squared model
error over the training data points i. In most cases, the com-
plexity would be prohibitively high if we solve (2) to find
the least-squares regression coefficients because most or all
of the potential bases appear in the surrogate. Model reduc-
tion techniques available from statistics and machine learn-
ing can be used to reduce the number of terms in a model
or, similarly, to attain a sparse regression coefficient vector.
These methods have the added benefit of reducing the over-
fitting observed in the model by allowing only a subset of
the available basis functions.

Model reduction methods can be as simple as backward
elimination, forward selection, or stepwise regression to find a
statistically significant model.”® However, these methods can
easily miss synergistic effects from multiple basis functions
that may exhibit poor fitting properties on an individual basis.
To explore all possible combined effects, a best subset
method™ can be used to enumerate models for all possible
combinations of the basis set, and then to choose the best sub-
set of basis functions using a measure of the model fitness
that is sensitive to overfitting. This method is guaranteed to
pick the best model according to the chosen fitness measure;
however, due to the factorial complexity of the modeling
algorithm, this method is often prohibitively expensive for
large basis sets. Recent work has seen the addition of graph
theory,?' branch and bound algorithms,*® and QR decomposi-
tion®” to enhance the scalability and reduce the required com-
putation time of the best subset problem. Regularization
techniques use a squared objective that is penalized by a func-
tion of the magnitude of the regression coefficients to perform
model reduction and reduce overfitting. However, as we show
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in a subsequent section, the commonly used lasso regulariza-
tion (L;-norm penalty function)33 results in far less accurate
solutions, likely due to the highly coupled and structured set
of basis functions.

The general best subset problem can be represented as

(BS)  min (S, f)

S.t. SCB

where ®(S, f) is a surrogate model goodness-of-fit measure
for the subset of basis function S and regression coefficients
p. Using (BS), the following surrogate model is generated
using a subset of the basis functions

2= BX;(x) 3)
jes

Through a series of reformulation and simplification steps,
we convert (BS) into a form that can be solved efficiently.
First, we define a subset of basis functions using a vector of
binary variables y to designate active and inactive bases. For
each basis function j € B, if j € S, y;=1; otherwise, j € S
and y;=0. Using this binary vector, Eq. 3 can be described

over the full basis set B

£)=)_ yiBX;(x)
jeB
The vector y can also be used to reformulate (BS) into a
mixed-integer nonlinear problem
(BS1) n}}in

s

O(B,y)

s.t. y; € {0,1}

At this point, it is beneficial to implement three reformula-
tions to (BS1). To remove the complication of integer bilin-
ear terms, we replace y;f; with 2|B| big-M constraints

By < B < By

that use lower and upper bounds, ' and S, on f. These
constraints force f§; to zero if y;=0, while allowing f; to
take on a non-zero value within its bounds if y;=1. The
bounds on f§ are chosen using logic from the regularized
regression technique: the lasso.>* The lasso method penalizes
or constrains a least-squares objective using the L; norm of
the f vector. By extending this concept, we can use the solu-
tion to the OLR problem SR to infer loose upper
and lower bounds on each value of . To do this, we set ﬂl

- jeB‘ﬁJQLR| and ﬁuszeijoLR"

The second reformulation stems from the observation that
many goodness-of-fit measures can be decoupled into two
parts: (a) model sizing and (b) basis and parameter selection,
as follows

min (5. 7.)=min {min [0, (5} ] +0r(D)} @)

Here, ®7(T) and ®p,(p,y)|; denote the model sizing and
basis/parameter selection contributions to the information
criterion, respectively. Hence, we can pose the best subset
selection minimization problem as a nested minimization
problem, where the inner minimization determines the basis
functions and coefficients and the outer minimization defines
the complexity of the model. This results in the following
problem for some goodness-of-fit measure
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min [0, (B.y)l;] +r(7)

mi? s, (B, 3)Ir

S.t. Zyj:

JjEeB
By < B < By jeB
yj:{ovl} JjEB

The selection of a model fitness measure is fundamental
to the success of these methods. The measure must reflect
the accuracy of the model while remaining sensitive to over-
fitting. The goodness-of-fit measure should reflect the true
model error and not simply the empirical error. As men-
tioned previously, the empirical error of a model is the inac-
curacy between the model and the data points used to build
the surrogate. As a properly built model increases in com-
plexity, the empirical error of a properly trained model is
nonincreasing. The true error of a model represents the devi-
ation of the model from the true function. Ideally, this would
be the best fitness measure of a model. However, unless the
algebraic form of the true function is known, the true error
can only be estimated. Two common methods to estimate
model fitness are cross-validation and information criteria.

Cross-validation techniques train the model on the major-
ity portion of the data while reserving a minority of the data
for validation. This is done so that cross-validation is able to
test the model on data that was not used to build the model,
that is, an independent dataset. Generally, this is done sev-
eral times by reserving different portions of the data for vali-
dation. By doing this, an estimate of the true model error is
achieved.

Like cross-validation, information criteria are sensitive to
both the empirical error and overfitting. Information criteria
are able to account for the model complexity directly, unlike
cross-validation. These measures are tied to the maximum
likelihood method of model parameter estimation®; one
such case is linear regression given an assumption of normal
distribution on the error. Information criteria are comprised
of several alternatives for order selection rules including
Akalke information criterion,’ Bayeman information crite-
rion,* generalized information criterion®* and so forth. Each
information criterion gives a measure of the accuracy vs. the
complexity of a model.***® Due to the large number of basis
functions available to the model, the goodness-of-fit measure
used here is the corrected Akaike information criterion®’

AIC¢(S, f)=Nlog ZVZ( ZﬁX,,)

= JjES (5)
2|S|(S|+1)
+ +
e vy

which adjusts the Akaike information criterion to account for
large basis sets. Equation 5 can be given in the form of (4)
and can be posed as a nested minimization problem. We fur-
ther reformulate the inner objective function to obtain an
inner objective equivalent to the least-squares objective.

Two simplifications are made to ensure tractability and
efficiency of the final algorithm. First, we leverage the finite
solution space of the outer minimization problem by parame-
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terizing with respect to 7. The inner minimization problem
is solved for increasing values of 7 until a minimum is
reached. To enforce this requirement, we include the follow-

ing constraint
> y=T jeB
jeB

Second, to pose the inner problem as a mixed-integer lin-
ear problem (MILP), we remove the nonlinear objective and
replace it with the L;-norm error as follows

min SE = Zz, ZﬁXU

jeB
and then replace each instance of |w| in SE by w' and add
constraints w >w and w > —w in the formulation. To
retain the least-squares representation of the resulting coeffi-
cients, we use the stationarity condition with respect to the
parameters [

d N

Zﬁjx,-,) aZX,,(; Zﬁx,,) , JES

JjeS JES
(6)

Equation 6 is used as a set of big-M constraints to define
the basis coefficients

N
(1) <3, (Z,»_

i=1

Zﬁszif> < Ui(1-y)

jeB

where we calculate U; to be the maximum of

ZN ,,( Z EB/? X,j) using the upper and lower bounds

i=1
of B. Thus, we select active basis functions based on linear
error and the value of the regression parameters based on a
squared error.

The reformulations and simplifications described above
result in the following MILP

N
min Zwi
i=1
S.t.w; ZZ,'_ZﬁjX,'j, llzl,...,N

JjeB

wi> Y BXj—z, i=1,...,N

jeB

> =T
jeB
N .
yj S Z (Zl _

By <B <Py, jeB
ykj€{071}7 JGB
B<B <P, jeB

Model (M) is used to solve for the best T-term subset of
the original set of basis functions. By solving (M) with a
small T and increasing that value until the information crite-
rion worsens, the proposed method is able to solve the best
subset problem efficiently and to generate accurate low-
complexity models. Though this technique is far more

Zﬁ.fxij) <Uj(1-y), jeB

jeB
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efficient and scalable than the enumerative best subset
method, the complexity of these problems increases combi-
natorially with the number of inputs. If we allow for, say,
five levels of o for polynomials and multinomials, up to pair-
wise multinomial terms with equal exponents, and y=1 (See
Table 1), a two-, four-, and ten-dimensional problem will
have 20, 59, and 246 potential basis functions, respectively.
Despite the fact that MILP problems are NP-hard,*® we have
solved instances with as many as 14 inputs successfully.39

A detailed outline of the algorithm used to generate the
most accurate and simple model given a fixed dataset is
included in Algorithm 1.

Adaptive sampling

Adaptive sampling, active learning, or supervised learning
is a means of acquiring information about the response sur-
face or process by querying the system at desired input lev-
els. Through the careful selection of sample points, more
accurate models can be generated with less sample informa-
tion. Preferably, perfect information would be used to train a
model. In reality, however, computational resources and
available function evaluations are limited. Without prior
knowledge of a black-box system, it is impossible to know
how much information is required or where data sample
points should be located a priori. Yet, techniques exist to
utilize insights gained through previous system knowledge or
model structure to sample a system selectively so as to bal-
ance the need for information with the computational cost of
that information.

Before we examine our approach, it is worth noting that,
generally, a DOEs can be classified into two categories: sin-
gle pass and iterative. Single pass DOE methods, like frac-

tional designs,”® Latin hypercubes,” and orthogonal arrays,*
first generate a set of design points, evaluate these points,
and then move on to a modeling stage. These methods are
computationally efficient and are simple to implement, but
the resulting surrogate models often lack fidelity. In such
cases, single pass models can be refined using an iterative
approach. Iterative approaches use both the current dataset
and the current model to locate and sample complicating
areas either by performing exploration-based or exploitation-
based methods.*'*? Exploration-based methods aim to sam-
ple the problem space® evenly. Exploitation-based techni-
ques sample in difficult-to-model areas such as points of
high nonlinearity or discontinuity. If the modeling method
provides error estimates (such as kriging®’) or there is
another available error metric, these estimates can be used to
locate areas of high uncex“tainty.““’45

Another relevant field of active learning that can be used in
a single pass or iterative implementation is optimal DOEs.*®
This approach is motivated by knowledge of data modeling
techniques. It is possible to estimate the variance of the final
model parameters ff by calculating a Fisher information
matrix, which is a function of only the input variable values
and final model functional form. The Fisher information
matrix gives a summary of the amount of data due to model
parameters.”*Optimal DOEs methods attempt to maximize a
function of this matrix, or minimize its inverse. A key concept
in our approach is the flexibility afforded through the selec-
tion of active and inactive basis functions. Because the final
model’s functional form is flexible, we have no a priori
knowledge of basis function activity. Consequently, the
strength of the optimal DOEs method is likely to be diluted
by the presence of numerous unused basis functions.

Algorithm 1: Build model

Given a training set of dependent and independent data points [x;4, zy] for i=1,... . N,d=1,...,n,k=1,...,m; initial values
for the vector of binary variables, yo(7'); a list of basis functions to be evaluated, X;(x)Vj € B; and relevant tolerance values

Generate basis value set, X;; «— X;(x;), for i=1,...,N and j € B

Initialize a high maximum error allowed at each point, e
for k — 1tom do
Generate a set of bounds for ﬁj and U;

max

Calculate the maximum terms allowed, maxTerms < max (1, min (N, |B|))

for t — 1to maxTerms do

Solve (M) for T =t to determine the optimal ¢ basis functions and /3

Store f3(¢) and y(¢)
Compute AICc(r)
if £ > 1 then

if AIC ¢(t) > AIC c(t—1) then Information criterion worsened

Set the final model complexity TT=¢—1

break

else if % < tol2 then
Set the final model complexity Tt =¢
break

else if L[|z —2]|* < tol3 then
Set the final model complexity Tt =¢

break
end if
end if N
Update error bounds e™> « %Z Z;—Z BiXij
end for i=1 jeB
end for

return final values for f=p(T") and y=y(T")

2216 DOI 10.1002/aic

Published on behalf of the AIChE

June 2014 Vol. 60, No. 6 AIChE Journal



Instead, we interrogate the simulation in locations of
model inconsistency using EMS. Doing this provides us with
two important pieces of information: (a) the location of a
data point that helps the next iteration’s model accuracy and
(b) a conservative estimate of the true error of the model.
We use this information to both improve and validate the
current model. Algorithm 2 presents the specific details of
this procedure.

We pose this sampling technique as a black-box optimiza-
tion problem to find areas in the problem space that maxi-
mize the squared relative model error

max (M>2 ™)

<<y 4 (.X )

Although the algebraic form of the current surrogate
model is known, the true black-box value is not; therefore,
the entire objective function must be treated as a black box.
This necessitates the use of DFO algorithms, a class of algo-
rithms that do not require the availability of analytical
expressions for the objective function and constraints of the
problem to be optimized.*’ As shown recently,'” these meth-
ods are most effective in low-dimensional cases. Thus, the
technique of decomposing a large simulation into lower-
dimensional blocks provides favorable conditions. As the
quality of DFO solutions may suffer in higher-dimensional
spaces, we recommend using less than 20 model variables to
ensure strong sampling. As the derivative-free solver pro-
gresses, the error can be calculated at newly sampled candi-
date points. If areas of sufficient model mismatch are
located, the new points are added to the training set and the
model is rebuilt. At the end of this step, the true model error
can be estimated by what is, effectively, holdout cross-
validation using the newly sampled points. If the new true
error estimated is above a prespecified tolerance, the model
is retrained using an updated training set. If the error esti-

mate is below tolerance, then the proposed approach has
converged to a final surrogate model.

lllustrative Example

To better illustrate the proposed methodology, we provide
a simple example modeling steam density, p, as a function
of heat duty, Q, in a flash drum modeled in Aspen Plus. The
thermodynamics of this process are defined by the 1995
IAPWS steam table formulation. We identify a surrogate
model, p(Q) in kg/ms, as a function of heat duty from
13,00040,000 W. The functional form includes basis func-
tions of the form shown in Table 1, where «=0, = ; , = ;, *1,
*2,+3 and y=10,000W. This leads to a potential funct10nal
form shown below with 13 basis functions

$(0)= [)’o+/>’1Q+B2+/33Q2+ LI Zi +,7/0
B B =
8 L p o 10 10,000
+\/Q+ﬁ9 \3/6“‘/311‘3 +/312]“107000

A process schematic is included in Figure 2, where water
enters a l-atm flash drum at 1 atm and 298 K. The source
water stream is flashed into vapor and liquid products. To
facilitate the flash, heat is added to the drum. Our goal is to
find an accurate surrogate model describing the relationship
between steam density and added heat using only the basis
functions required to fit the simulated system. This is done
using a minimal but flexible dataset.

The algorithm begins by using a Latin hypercube to select
an initial set of data points over the range of the input varia-
bles. For illustration, we consider two data points over
0 € [13,000W,40,000W]. During each iteration, a model is
built using a subset of the basis functions shown above that

Algorithm 2: Error maximization sampling

Given a set of dependent and independent data points [vis,z;] for i=1,..
,m. Additionally, prespecified values for range of x, [x

Zk(x),k=1,.

NEMS . the maximum number of sample points as a function of N,

min °

are given.

,N,d=1,...,n,k=1,...,m and a set of models
xma"} the minimum number of sample points,
(N); and a tolerance on the maximum error, tol4,

min

NEMS

max

SN2
Calculate the squared error and combined error at each point using the objective in Eq. 7, ej < (m) and

m
El‘<— E €.
k=1

Zik

Initialize the number of error maximization points added, NEMS « 0

while NEMS < NEMS ¢

max

max

Using a black-box solver (we call it dfo([objective function], [initial objective values], [initial x values], xmin | ypmax

[requested points])) that meets the requirements listed, request new sample points x4 « dfo(E(x), E;, x;, x™" | x

for i — 1to N™ do
Sample simulation at x;*? to get z;°

Append error values, ey < e(xreq Zp) and Eyg; < E(x

Update NPMS NEMS 31 and N < N+ 1
if NEMS > NEMS then
if max ;(e;) > tol4 then
return x,z, NEPMS
end if
end if
end for
end while

max ; Nred )

req _req
Xi 5 )
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Figure 2. Diagram of flash drum.

models the information in the current dataset with enough
bases to have high accuracy but not so many as to over fit
the data or have unneeded bases. For this example, in Algo-
rithm 2, we choose NEMS =1 and NEMS (N) to be the greater
of 20% of the current dataset size and |D|+10=11.

To further illustrate the model-building step in this
method, we look more closely at the modeling process in the
last iteration. At this stage, there are nine data points in the
training set. To begin, the best model using a single term is
established. The best surrogate model is determined by mini-
mizing the squared error of the model. The AICc is calcu-
lated for the one-term model. Afterward, the best two-term
model is identified. In this case, the best two-term model is

13
chosen from (2 >=156 basis combinations. This is done

using the MILP model (M). From here, the AICc of the two-
term model is compared to the one-term model (see Figure 3
for AICc vs. model size for the previous iteration). As AICc
decreases with the addition of a second term, there is suffi-
cient evidence to increase the model size to two terms and
we test a three-term model for a better fit. This continues
until the AICc worsens, as it does going from a five-term to
a six-term model. Table 2 shows the models found for each
model size.

As is often the case, increasing the number of terms does
not result in appending a single basis function to the previ-
ous model. Instead, the activity of many bases is changed as
model complexity is allowed to increase. This demonstrates
the benefits afforded by leveraging the synergistic effects of
basis function combinations, something that is not possible

Building model for iter 7

“O-AlCc
O-RMSE

F 0.10

-80 - F 0.08

-90 - 0.06

RMSE, kg/m?

'

[=3

(=]
L

0.04

+ 0.02

'

[

(=]
L

-130 T T T O—+ 0.00
1 2 3 4

Terms used

Figure 3. Error and goodness-of-fit during the model
building for Iteration 7.

w
(=)}

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Table 2. Surrogate Models Built at Increasing Complexity
for Iteration 7 of the Flash Drum

Terms
Allowed Surrogate Model
1 Ls2a.10!
2 L21210% 10.07519
3 0.1086 In(0.0001Q) — (4.754 - 10710) Q>+ L5102
4 2.339,/0.00010—1.385n(0.0001Q) — 180 4- 2075107
5 80.7/0.00010— s —41.541n(0.0001Q)
+ AL — (1571107 7) Q3
6 2.06__ —(),000908Q +84.94,/0.00010—91.6+/0.00010

\/0.00010

— L159:10° 4 4.768-10"!
0 [

using standard statistical techniques such as backward elimi-
nation or forward selection.

The mean squared error and AICc for each model size is
shown in Figure 3. It is important to note that, even though
the model error decreases from five to six terms, the infor-
mation criterion shows that this increase in accuracy is not
worth the added complexity of a sixth term. Surrogate mod-
els at each iteration are built similarly.

Recalling Figure 1, we can examine the progress through-
out the rest of the algorithm. As mentioned previously, a
number of new simulation points are selected using an adapt-
ive sampling technique called error maximization. New
points are selected to maximize the current candidate’s mod-
eling error. Next, these points are simulated and compared
with the current model to determine the actual model error.
Each iteration is terminated in this example when (a) the
error exceeds a tolerance of 1%, normalized by the range of
p or (b) the maximum number of points sampled, NEMS (),
has been reached. In the case of (a), a new model is rebuilt
using previous and newly simulated data points. If the maxi-
mum number of points sampled for the iteration has been
reached, the current error is estimated by the normalized
root mean square error. If this error exceeds the specified
tolerance of 0.5%, the training set is updated and a new iter-
ation begins. As these EMS points are likely to be a conserv-
ative estimate of the average model error over the entire
domain, if the estimated error tolerance is not violated, then
the model is considered sufficiently accurate. In this case,
the basis functions are fixed, the sparse [ vector is updated
using a simple least-squares estimation with the latest data-
set, and the algorithm terminates.

Figure 4 shows the estimated and maximum errors for
each iteration of the algorithm. After the completion of the
algorithm, we also compared each model to an independent
dataset of 200 evenly sampled points. This calculation gave
the test error shown in Figure 4. This figure demonstrates
that the estimated error is, generally, a conservative estimate
of the test error. Additionally, as the algorithm progresses,
the EMS sampling is able to intelligently select new sample
points to provide valuable information during the model
building step. As more information about the system is
obtained from simulations, the model building step is able to
show more complex models that best represent the data as
seen in Figures 5 and 6 and Table 3.

Figures 5 and 6 show several snapshots during execution
of the algorithm. The models for Iterations 1, 3, 5, and 7 are
shown alongside the true simulation curve. The training data-
set, shown in white, and the newly sampled EMS points,
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Normalized model error
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Figure 4. Estimated, maximum found, and test model
errors found building p(Q).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

shown in blue, are depicted as well. During Iterations 1-6,
either one or two EMS points were added per iteration
(Table 3). Figures 5 and 6 illustrate the effectiveness of
selecting points with high model mismatch. During the sev-

ALAMO Iteration 1

aoz
—True simulation
0.6 —Model
»aE O Training Points
w293 ® EMS Point
==
£04
@
g
=03
g
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o
W
0.1 ———
0 T T - - -
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Flash drum heat duty, Watts
ALAMO Iteration 3
b 0.7
—True simulation
0.6 —Model
"‘E O Training Points
-&0.5 R ® EMS Point
-
£o4
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S 02 -
o
W
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Flash drum heat duty, Watts

Figure 5. Comparison of the true simulated data and
the current surrogate models for Iterations 1
and 3 along with current and EMS datasets.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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enth and final iteration, 11 EMS points were added. None of
these points violated the 1% maximum error tolerance and
lead to an estimated normalized error of 0.16%. The models
and model complexity for each iteration, are also shown in
Table 3. After the final iteration, we have a five-term surro-
gate model of the following form

64.53
p(0)=62.371/0.0001Q0 — ———— —47.81In (0.0001
p(Q) 500010 n( Q)
3.659 - 10" RPN
+T—(6.576~ 1077)0

The terms in the model are chosen using a training set of
nine points and the coefficients are re-evaluated using the
full dataset of 20 points.

Implementation and Computational Results

ALAMO combines a tailored model generation solver with
an EMS routine. The front end code is written in Matlab and
uses the optimization software GAMS/CPLEX for the solution
of all model-building optimization subproblems and the black-
box solver Stable Noisy Optimization by Branch and FIT
(SNOBFIT)* for adaptive sampling. MINQ* is used to solve
SNOBFIT’s quadratic programming subproblems. To facilitate

ALAMO Iteration 5

0.7
—True simulation
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"‘E O Training Points
=203 ® EMS Points
-
E'OA 1
w
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2
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0.1 1
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ALAMO Iteration 7
0.7
—True simulation
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Figure 6. Comparison of the true simulated data and
the current surrogate models for Iterations 5
and 7 along with current and EMS datasets.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Table 3. Surrogate Model Information from Modeling the Flash Drum

Iter. EMS Points Terms Model
3867.0
1 1 1 38610
2 1 1 1.299-}10‘3
3 1 2 LOSI0Z 10.07649
4 1 2 L0%10% +0.07398
5 2 3 0.45221n(0.0001Q) — (1.418 - 107%) Q-+ 1405102
6 1 3 0.40941n(0.00010) — (1.262 - 10~%) 0+ 135102
7 11 5 58.9¢/0.00010 —~ 8634 ~45.151n(0.0001Q) + 232510% — (6.259 - 107'%) Q?
i 37/0.00010— 33— —47.811n(0.0001Q) + 263%:10= — (6,576 - 10~
Final NA 5 62.37/0.00010— —2+3_ —47.811n(0.0001Q *65510” 6.576 - 10~ ) Q3

1/0.0001Q

comparisons with existing techniques, several more standard
model generation alternatives are integrated into ALAMO
including

1. OLR. OLR solves (2) using all of the available basis
functions.

2. Exhaustive search best subset method (EBS). EBS
exhaustively searches all of the possible best T subsets
of a problem. Like the method proposed, T is parame-
terized. The best T subset is chosen to minimize the
squared model error.

3. The lasso regularization (LASSO). LASSO uses the
MATLABR2011b implementation of the lasso algo-
rithm and chooses the regularization parameter based
on 10-fold cross-validation.

Latin hypercube sampling has been added to ALAMO as
an alternative sampling method using Matlab’s lhsdesign()
function. In this section, we look at the model accuracy,
quality of point sampling, and final model complexity by
comparing these alternatives to our implementation of the
best subset method which solves (M) for increasing T and
uses the EMS proposed here for the model-builder and sam-
pling routines, respectively.

Two test sets are considered. Test set A considers the prob-
lem of learning the functional forms of equations containing
only terms that are present in the algorithm’s basis function
set. These functions are composed of basis functions that are
available for surrogate modeling with two and three input
variables. Basis functions from Table 1 are used with
a={*+3,*x2 +1,+0.5} for polynomials, a={=*2, *1,+0.5}
for pairwise polynomials, and exponential and logarithmic
functions with =1, y=1. A total of 27 two-dimensional func-
tions are generated with varying complexity from 2 to 10 ran-
domly chosen terms, where three functions are generated at
each complexity. In addition, 18 three-dimensional functions
are generated from two to seven randomly selected terms.

The 12 equations in test set B are generated using func-
tional forms that are unavailable to the surrogate modeling
method. These functional forms are included in Table 4.
Function parameters for test sets A and B are chosen from
uniform distributions where f € [—1,1], o,ve[-3,3],
y € [—5,5], and i,j € {1,2}.

Table 4. Functional forms for Test Set B

Function Type Functional Form

I 2(x) =B explx;)
i} z(x)=px log(x;)
I z(x)=pxixy
v z(x) =+ f =
2220 DOI 10.1002/aic Published on behalf of the AIChE

Each test function is modeled as a black-box simulation
using M, OLR, EBS, and LASSO with five different random
seeds. To compare the EMS adaptive sampling with a single
Latin hypercube (SLH), a test function is modeled using the
full algorithm a second model is generated subsequently
using a SLH with the same number of data points. In this
way, we are able to calculate the amount of information per

Test set A: Test error
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o
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Test set A: Function evaluations
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Figure 7. Top: Fraction of functions in test set A mod-
eled within a normalized test error.

Bottom: Fraction of functions in test set A modeled
within a specified number of function evaluations. As
the EMS and SLH sampling schemes use the same num-
ber of data points, only the differences between models
is important here. Note: EBS is not plotted since the
CPU time was too great for several of the more complex
problems. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]
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Test set B: Test error
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Figure 8. Top: Fraction of functions in test set B mod-
eled within a normalized test error.
Bottom: Fraction of functions in test set B modeled
within a specified number of function evaluations. [Color
figure can be viewed in the online issue, which is avail-
able at wileyonlinelibrary.com.]

data point extracted by the EMS sampling method compared
to a Latin hypercube DOEs. The resulting normalized test
error is calculated as follows

Z(ka—fk(xi))2

norm _ 1 i€T
|T‘ max Zj;— min Zik
€T ieT

®)

where €}°™ is the normalized error for dependent variable z;

calculated from an independent set of 1000 data points

terms in the final model, and number of required function
evaluations for these tests are shown in Figures 7 and 8 and
Tables 5 and 6.

Figures 7 and 8 display the performance profile of each
modeling and sampling combination for test sets A and B,
respectively. Each profile is constructed by calculating the
percentage of the total test set solved within a normalized
test error, given as the x axis. For example, the proposed
method using M/EMS is able to solve 80% of test set A to
within 0.1% error as calculated using Eq. 8. Across both test
sets, the proposed method, shown in solid red, outperforms
all other modeling and sampling combinations. In fact, the
proposed implementation generally provides increased model
accuracy and requires fewer function evaluations. This shows
that the EMS sampling method discovers more useful infor-
mation per function evaluation than the SLH over each of
the modeling methods. In most cases, the M/EMS approach
is able to attain highly accurate surrogate models using
fewer terms than either LASSO or OLR.

Tables 5 and 6 show the range of final model complex-
ities, 7" - found by each combination of modeling and
sampling routines. In most cases, this value is given as a
range since each test was repeated with five different initial
random seeds. In nearly every case, the method outlined
here, M/EMS, is able to generate a model that is no more
complex—and often much simpler—than any of the alterna-
tive competing combinations. In addition to finding the most
accurate models, our proposed method often requires fewer
terms than tested alternatives.

For test set A, we perform a more detailed analysis of the
number of terms present in the final surrogate model as the
true number of terms, 7", is known and can be compared
against T°""#"¢ The results of this comparison are shown in
detail in Figures 9 and 10 and Table 7 as summarized by the
mean terms deviation, 7Surogate —7uue " a9 well as the stand-
ard deviation of this value for each run of test set A. A
smaller deviation signifies fewer required terms in the final
surrogate model. The results show that, not only, the pro-
posed modeling method (M) is more consistent, but it also
exhibits fewer terms than the other alternatives. However,
the sampling method chosen seems to have little effect on
the resulting model size for this test set.

The ALAMO process does not guarantee a unique solu-
tion. In fact, there are several cases where different sets of
initial points lead to different active basis functions sets.
Solution quality, however, does not suffer in these cases. It
is often the case that, over certain ranges of x, different
basis functions behave very similarly. For example, the fol-
lowing two surrogate models zZ(x)=4/x+0.1x+1 and Z(x)=

i€ 7. The normalized error, number of basis function 1.27log (x)+0.21x+1.8 have differing sets of basis
Table 5. The Average Minimum and Maximum Number of Surrogate Model Terms for Test Set A

No. of Inputs ~ No. of True Terms M/EMS M/SLH EBS/EMS EBS/SLH LASSO/EMS LASSO/SLH OLR/EMS OLR/SLH

2 2 2 [2, 2] 2 2 [6, 8] [6, 11] [12, 15] [12, 15]

2 3 3 3 3 3 [5, 12] [5, 10] [12, 14] [12, 14]

2 4 [3, 4] [3, 4] [3, 4] [3, 4] [8, 11] [8, 10] [11, 12] [11, 12]

2 5 [2, 4] [2, 4] [2, 5] [2, 5] [3, 12] [4, 11] [10, 16] [10, 16]

2 [§ [S, 6] [6, 6] [5, 6] [6, 6] [7, 10] [6, 7] [11, 13] [11, 13]

2 7 [4, 6] [4, 6] [4, 7] [4, 7] [7, 11] [6, 12] [8, 13] [8, 13]

2 8 [4, 5] [5, 6] [4, 5] [5, 6] [6, 8] [6, 9] [10, 15] [10, 15]

2 9 [4, 6] [4, 6] NA® NA*® [6, 14] [7,12] [10, 17] [10, 17]

2 10 [4, 8] [4, 8] NA? NA*® [5, 14] [7, 14] [10, 14] [10, 14]
“Note: Due to large CPU times EBS tests were not run with greater than 9 true terms.
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Table 6. The Average Minimum and Maximum Number of Surrogate Model Terms for Test Set B

True Function Type Function ID M/EMS M/SLH LASSO/EMS LASSO/SLH OLR/EMS OLR/SLH
I a 5 5 [3, 5] [4, 9] [6, 17] [6, 17]
I b [4, 10] [4, 10] [10, 14] (5, 81 [8, 171 8, 17]
I c [3, 10] [6, 9] [8, 9] [4, 10] [13, 17] [13, 17]
11 a [4, 6] [4, 10] 8, 15] 7, 9] [15, 19] [15, 19]
II b [1, 7] [1,9] [13, 16] [11, 17] [13, 30] [13, 30]
1T c [5, 12] [5, 12] [9, 13] [9, 16] [9, 19] [9, 19]
III a [3, 4] [1, 4] [2, 5] [2, 5] [9, 20] [9, 20]
I b 4 [1, 4] 5 5 [9, 20] [9, 20]
III c [3, 4] [3, 4] [5, 8] [5, 9] [18, 24] [18, 24]
v a [7, 8] [4, 10] [8, 17] [11, 18] [13, 19] [13, 19]
v b [8, 9] [9, 10] [8, 12] [10, 14] [9, 17] [9, 17]
v c [6, 9] [9, 10] [5, 13] [4, 12] [13, 15] [13, 15]
Note: Due to large CPU times EBS tests were not run on test set B.
M/EMS
functions. However, these two models only deviate by i « E=Histogram —Norm. fit
0.076% over x € [2,10]. Depending on the initial sample —
set, either of these models might be chosen to equal effect 0.7 1
by the proposed method. The similarity of model perform- 0.6 -
ance with different sets of basis function also allows us to 205
model large, complicated systems with a limited, but flexi- s
ble set of basis functions. ?-;0'4 1
The results of these experiments show the success of the & 03 4
proposed method in terms of our three main goals: model 02 -
accuracy, model simplicity, and modeling efficiency, with \
respect to function evaluations. In the next section, we dem- %l 1 \_
onstrate the effectiveness of these derived models in the con- 0 y —— 77—
. 8 -4 0 4 8 12 16 20 24 28 32 36
text of an algebraic optimization study. peurrogate _ iirue
Case Study: Carbon Capture Adsorber LASSO/EMS
The synthesis of an optimal carbon capture process is of 08 - MRHistogram . =—Nowm.fit
immense importance for identifying promising technologies
and materials to reduce greenhouse gas emissions from fossil b
fuel power plants. Because of the complex interaction of 0.6 -
material behavior and process configuration, an optimization- 205 -
based process synthesis provides a rigorous means to assess 5
the trade-offs among capital costs, parasitic power consump- :-;0'4 |
tion, and other operating costs for a given technology and & 03 4
material. However, to accurately predict the performance of 02 1 _
such systems, rigorous equipment models are necessary. The -, o
ALAMO methodology provides a way to use the required '
rigorous models (via algebraic surrogates) within a 0 - e T ' ' ' T ‘
TN -8 4 0 4 8 12 16 20 24 28 32 36
superstructure-based optimization framework for process eirtogate _ qpirie
synthesis. Here, we use the ALAMO methodology to create N
an algebraic surrogate model from a solid sorbent adsorber OLR/EMS
simulation, which is one technology under development for £ Histogram  —Norm. fit
postcombustion carbon capture. 08
The adsorber under consideration is a bubbling fluidized 0.7 -
bed (BFB), which is modeled as a system of partial differen- 0.6 1
tial equation (PDEs) in Aspen Custom Modeler and is o
described by Lee and Miller.”® Figure 11 shows the major 203 1
features of the model. CO, rich gas enters the bottom of the 20.4 1
reactor and contacts the solid. CO, lean solids enter the top E 03 4
of the bed and leave as a CO, rich stream from the bottom
of the bed in the underflow configuration. Cooling water 1 _
flows through internal cooling tubes to remove excess heat 0.1 4
of adsorption from the reactor. 0 - i ‘ ||| i y " ’ ;

The goal is to develop an algebraic surrogate model,
which accurately captures the behavior of the BFB adsorber
under a range of operating and design conditions so that the
surrogate model can ultimately be used for process synthesis.
To demonstrate the performance of ALAMO on such a rig-
orous model, we consider two degrees of freedom that have
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Tsurrogatv _ Ttrue
Figure 9. Model complexity comparison for each mod-
eling method using EMS from test set A.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 10. Model complexity comparison for each
modeling method using a SLH from test
set A.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

a significant impact on the performance of the adsorber:
reactor bed depth, L, and cooling water flow rate, F. The
accuracy of the model is measured based on the percentage
of CO, removed, r, from the flue gas stream

Sorbent feed
(€0, lean)

Qutlet gas
(€O, lean)

Flue gas  Loaded sorbent
(€O, rich) stream
(€O, rich)

Figure 11. Diagram of the solid sorbent carbon capture
adsorber.
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Figure 12. Normalized error progression through the

entire algorithm.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]
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The CO, removed increases with diminishing return as
both the bed depth and cooling water flow rate are increased.

We employ ALAMO to develop a surrogate model for r as
a function of L € [2m,10m] and F € [16.7kmol/s, 1666.7
kmol/s] using the model builder M and the EMS adaptive
sampling routine. As we expect many of the solutions com-
prising the pareto analysis to be at variable bounds, we select
an initial sample set at the corner points of the design space to
ensure that we do not extrapolate beyond the sampled region.

The estimated and maximum normalized error calculated at
each iteration is shown in Figure 12. A separate test set of 394
data points is collected to test the model at each iteration. The
estimated normalized test error using this data is also shown.
As with the illustrative example, we see an increase in the esti-
mated and maximum error found during EMS from Iteration 1
to 2. This is an effect of sampling improvement and not evi-
dence of model inaccuracy. The test error remains constant
between these two models. The effectiveness of using EMS
points to generate a conservative estimate of model error for
use as a stopping criterion can be seen here as well.

Figures 13 and 14 show the model improvement and EMS
sampling for Iterations 1, 3, 5, and 7. For example, during Itera-
tion 1 the model (on the y axis) was built based on the four
simulated data points (on the x axis). The adaptive sampling
routine returned two areas of high model mismatch shown in

Table 7. Mean and Standard Deviation Values for T5Urrogate —Ttrue from Test Set A for Each Modeling and Sampling Method

Tested
M/EMS M/SLH LASSO/EMS LASSO/SLH OLR/EMS OLR/SLH
Mean —0.860 —-0.814 4.619 3.879 10.177 10.177
Standard deviation 1.688 1.703 5.005 4.745 8.261 8.261
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Figure 13. Modeled current and EMS data for Iterations
1 and 3 of the proposed methodology com-
pared with true simulated data.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

blue. After the final EMS Iteration 7, the newly sampled points
no longer violate the model beyond the estimated normalized
error tolerance of 0.5% and maximum error tolerance of 1%.
The resulting models, model size, and number of EMS points
generated for each iteration are shown in Table 8.

Figure 15 shows the solution path as the complexity of
the model is allowed to increase from 1 to 13 basis func-
tions. The complete basis set has 67 terms available to build
each model. The decrease in error seen in Figure 15 from 12
to 13 terms does not justify the use of a 13-term model. The
final model chosen is the following 12-term model

(6.96-10°)F
VL

—(4.27 - 107 VFL+(4.36 - 1074)VF

#(L,F)=0.201log (0.2L)+(6.55 - 10~ ') F*L—

~ 0.609L

VF

0.387 0.145L2

+(4.09 - 1074 L2 +—2-+0.147VL+
( L
3.00-10° 3.23-10°
PL> FUL*
Once the model has been generated it can be used to ana-
lyze the trade-offs among bed depth and cooling water flow
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Figure 14. Modeled current and EMS data for Iterations
5 and 7 of the proposed methodology com-
pared with true simulated data.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

rate and percentage of CO, removed from the entering gas.
Figure 16 presents the results of the pareto analysis showing
the trade-offs between cost and environmental impacts. This
curve was generated by solving an algebraic optimization
model using the surrogate model of r and the algebraic
model of cost of electricity (COE) with a weighted objected
function of cost and environmental impact. For more details
on the form of the increased cost of electricity to the con-
sumer COE, see the National Energy Technology Laboratory
power systems financial model.>" The red line shows the par-
eto curve generated by solving a nonconvex nonlinear
weighted objective function problem using BARON. For
every given point on that line, there is no bed length or cool-
ing water flow that could increase r.

Although we have accurately modeled the actual CO,
removal, we have not modeled the first derivatives. Initially,
we must assume that the surrogate accurately models the first
derivatives of the rigorous simulation. After an optimum is
located, this can be verified in several ways. Fully linear
models™® have bounded model error and derivative error in
the neighborhood of a solution. Finite difference techniques
can be used to approximate the first derivatives near the
solution. Using simulator evaluations, we can apply either
technique to prove that our solution is a local optimum.
Alternatively, we have seen promise in using the proposed
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Table 8. Surrogate Models Built at Each Iteration for the BFB Adsorber
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building for Iteration 7.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

methods to define flow sheets and search complicated topolo-
gies to fix integer decision variables and discover favorable
starting points for continuous variable DFO.** To verify the
points on the pareto curve in Figure 16, 394 evenly sampled
test points are evaluated and are plotted on the same axis.
Each of these points represents a feasible point, though most
represent suboptimal process conditions as either a reduction
of costs or an increase in removed CO, is possible. The
algebraic model derived by ALAMO can now be used, not
only, for optimization, but also for uncertainty quantification
via thousands of surrogate simulations that consume a frac-
tion of the CPU time required by a single evaluation of the
original simulation.

Conclusions

Simulation-based optimization provides a rich avenue for
evaluating design parameters according to cost functions. As
the number of decision variables increases,
derivative-free methods become less effective. We have pre-
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sented a novel algorithm for use in simulation-based optimi-
zation. Surrogate models of component blocks comprising a
more computationally complex simulation are tailored for
accuracy, ease of optimization, and simulation cost reduc-
tion. These models are built using a reformulation of the
generalized best subset method to avoid the costly combina-
torics of full enumeration, while maintaining the high accu-
racy of this method. At the same time, statistical techniques
are used to avoid overfitting and to ensure the generation of
simple, compact models that promote their eventual use as
surrogates in algebraic optimization. A new active sampling
method, EMS, has been shown to improve the quality of
sampled points. The efficacy of these methods is demon-
strated over several competing modeling methods.

We can conclude that, if a simulation is required to char-
acterize and optimize a system or process, surrogate models
can be accurately and efficiently abstracted for the purpose
of algebraic optimization with flexible objectives and con-
straints using the method outlined in this article. The pro-

current posed methodology is equally applicable for (fitting
experimental data.
Published on behalf of the AIChE DOI 10.1002/aic 2225
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